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Problem 1.

‡ a.

We must first find the point in the first quadrant where ‰-x2
= 1 - cos x.  We'll call it b:

b = x ê. FindRootA‰-x2 ã 1 - Cos@xD, 8x, 1<E
0.94194408

The area between the two curves is Ÿ0
b H‰-x2

- H1 - cos xLL „ x.  We integrate numerically:

NIntegrateA‰-x2 - H1 - Cos@xDL, 8x, 0, b<E
0.59096245

‡ b.

By the method of  washers,  and integrating numerically, the volume generated when R  is revolved about the x-axis  is
p Ÿ0

bAH‰-x2 L2 - H1 - cos xL2E „ x:

.p NIntegrateAI‰-x2 M2 - H1 - Cos@xDL2, 8x, 0, b<E
1.7466141



‡ c.

Integrating numerically, we obtain the volume of the solid described as Ÿ0
b H‰-x2

- H1 - cos xLL2  „ x.

NIntegrateAI‰-x2 - H1 - Cos@xDLM2, 8x, 0, b<E
0.46106351

Problem 2

‡ a.

From the graph of runner A's velocity, which is given, we see that her velocity at time t = 2 is 20ÅÅÅÅÅÅÅ3  meters per second.
Runner B's velocity at time t is given as 24 tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 t + 3 , so runner B's velocity at t = 2 is 48ÅÅÅÅÅÅÅ7  meters per second.

‡ b.

Acceleration is the derivative, taken with respect to time, of velocity.  In the case of runner A, at time t = 2, the slope of
the velocity curve is 10ÅÅÅÅÅÅÅ3 , so her acceleration at time t = 2 is 10ÅÅÅÅÅÅÅ3  meters per second per second.  

DA 24 t
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 t + 3

, tE ê. t Ø 2

72
ÅÅÅÅÅÅÅ49

Runner B's acceleration at t = 2 is 72ÅÅÅÅÅÅÅ49  meters per second per second.

‡ c.

Distance  travelled  is  the  integral  of  velocity.   Hence,  reasoning  from  the  graph  of  runner  A's  velocity,  we  find  that
runner A covered 1ÅÅÅÅ2 ÿ 3 ÿ 10 + 7 ÿ 10 = 85 meters over the interval 0 § t § 10.  
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‡
0

10 24 t
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 t + 3

 „t

6 H20 - 3 Log@23D + Log@27DL
N@%D
83.336125

Runner B covered 6 H20 - 3 Log@23D + Log@27DL meters, or about 83.336 meters, in the same time interval.

Problem 3.
We are given:

Derivative@n_D@f_D@5D =
H-1Ln  n!

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2n  Hn + 2LH- 1ÅÅÅ2 Ln n!

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + n

and

f@5D =
1
ÅÅÅÅ
2

1
ÅÅÅÅ2

‡ a.

The third-degree Taylor polynomial for f  about x = 5 is

BC2000.nb 3



SumA Hx - 5Lk
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

k!
 Derivative@kD@fD@5D, 8k, 0, 3<E

1
ÅÅÅÅ2 +

5 - x
ÅÅÅÅÅÅÅÅÅÅÅÅ6 +

1
ÅÅÅÅÅÅÅ16 H-5 + xL2 -

1
ÅÅÅÅÅÅÅ40 H-5 + xL3

‡ b.

Writing  ‚
k=0

¶
ak Hx - 5Lk  for  the  Taylor  series  in  question,  we  have  ak = f HkL @5DÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk! = H-1LkÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2k  Hk+2L .   Thus,

limkØ¶  » ak+1 Hx - 5Lk+1 ê ak Hx - 5Lk » = limkØ¶
Hk+2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 Hk+3L … x - 5 … = » x - 5 » ê2.   By  the  Ratio  Test,  the  series  converges

absolutely when this limit  is less than 1 and diverges when this limit is greater  than 1.  We conclude that the desired
radius of convergence is 2.

‡ c.

When  x = 6  the  Taylor  series  becomes  1ÅÅÅÅ2 - 1ÅÅÅÅ6 + 1ÅÅÅÅÅÅÅ16 - 1ÅÅÅÅÅÅÅ40 + … + H-1LkÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2k  Hk+2L + ….   As  k  increases,  both  2k  and  k + 2
increase, so the quotients 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2k  Hk+2L  decrease monotonically to zero as k Ø ¶.  By the Alternating Series Test, the error in
replacing f @6D with the sum of the first seven terms of the series is at most 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ27  H7+2L = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅ128ÿ9 = 1ÅÅÅÅÅÅÅÅÅÅÅÅ1152 < 1ÅÅÅÅÅÅÅÅÅÅÅÅ1000 .

Problem 4

‡ a.

The  acceleration  vector  is  the  derivative  of  the  velocity  vector,  taken  with  respect  to  time:
„ÅÅÅÅÅÅ„t  X1 - 1ÅÅÅÅÅÅt2 , 2 + 1ÅÅÅÅÅÅt2 \ = X 2ÅÅÅÅÅÅt3 , - 2ÅÅÅÅÅÅt3 \.  When t = 3, this is X 2ÅÅÅÅÅÅÅ27 , - 2ÅÅÅÅÅÅÅ27 \.

‡ b.

Position at t = 3 is X2, 6\ + Ÿ1
3 X1 - 1ÅÅÅÅÅÅt2 , 2 + 1ÅÅÅÅÅÅt2 \ „ t = X2, 6\ + Xt + 1ÅÅÅÅt , 2 t - 1ÅÅÅÅt \ »13 = X2, 6\ + X 10ÅÅÅÅÅÅÅ3 , 17ÅÅÅÅÅÅÅ3 \ - X2, 1\ = X 10ÅÅÅÅÅÅÅ3 , 32ÅÅÅÅÅÅÅ3 \.

‡ c.

Because x and y are the components of velocity, he slope of the curve at t = t0  is y@t0D ê x@t0 D, as long as x@t0 D  0.  Thus,
slope at time  t0  is  I2 + 1ÅÅÅÅÅÅt02

M ë I1 - 1ÅÅÅÅÅÅt02
M = 2 t02 +1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅt02 -1 .   For  this to be  8 we must  have 2 t02 + 1 = 8 t02 - 8,  or  6 t02 = 9 .   The

only positive solution of this equation is t0 =
è!!!!!!!!!3 ê2 .
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‡ d.

Position  at  time  t  is  X2, 6\ + Ÿ1
t X1 - 1ÅÅÅÅÅÅÅt2 , 2 + 1ÅÅÅÅÅÅÅt2 \ „ t = X2, 6\ + Xt + 1ÅÅÅÅt , 2 t - 1ÅÅÅÅt \ - X2, 1\ = Xt + 1ÅÅÅÅt , 5 + 2 t - 1ÅÅÅÅt \.   As

t Ø ¶,  this  is  asymptotic  to  the  curve  P@tD = Xt, 2 t + 5\,  which  is  a  straight  line  (whose  Cartesian  equation  is
y = 2 x + 5).

Problem 5

‡ a.

Differentiating  both  sides  of  the  equation  x y2 - x3  y = 6  implicitly,  we  obtain  y2 + 2 x y y ' - 3 x2  y - x3  y ' = 0,
whence H2 x y - x3 L y ' = 3 x2  y - y2 .  Dividing both sides of the latter equation by 2 x y - x3 , which we must assume
to be non-zero, we obtain y ' = 3 x2  y - y2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 x y- x3 , as desired.

‡ b.

Setting x = 1 in the original equation, we obtain y2 - y = 6, whence y = 3 or y = -2.  There are therefore two points
with x-coordinate 1;  they are H1, 3L  and H1, -2L.   At H1, 3L,  we have y ' = 3ÿ12 ÿ3 - 32

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2ÿ1ÿ3-13 = 0ÅÅÅÅ5 = 0 ,  so that an equation of
the line tangent to the curve at H1, 3L is y = 3.  At H1, -2L, we have y ' = 3ÿ12 ÿH-2L-H-2L2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2ÿ1ÿH-2L-13 = -10ÅÅÅÅÅÅÅÅÅÅ-5 = 2.  An equation of the
line tangent to the curve at H1, -2L is therefore y = -2 + 2 Hx - 1L, or y = 2 x - 4.

‡ c.

We treat y as the independent variable in the original equation, and letting the prime denote differentiation with respect
to y, implicit differentiation now gives us x ' y2 + 2 x y - 3 x2  x ' y - x3 = 0, whence x ' = x3 - 2 x yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅy2 - 3 x2  y .  At a point with a
vertical tangent, x '  must vanish, so we must have x3 - 2 x y = 0.  Thus, x = 0 or y = 1ÅÅÅÅ2  x2 . But x y2 - x3  y = 6, so
x = 0  is  not  possible.   On  the  other  hand,  substituting  y = 1ÅÅÅÅ2  x2  in  the  original  equation  yields  1ÅÅÅÅ4  x5 - 1ÅÅÅÅ2  x5 = 6,  or
x5 = -24.  There is thus a vertical tangent at the point I-è!!!!!!245 , è!!!!!!185 M.
Problem 6

‡ a.

Here is the required slope field:
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‡ b.

No solution could have the graph shown because the slope field requires any solution that passes through a point with
coordinates Hx, 1L  to  have  zero  slope at  that  point.   The graph  shown has non-zero  slopes at  the  two points  where it
crosses the line y = 1.

‡ c.

We  have  f '@xD = x H f @xD - 1L2 ,  with  f @0D = -1.   Hence  Ÿ0
x f '@xDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH f @xD-1L2  „ x = Ÿ0

x
x „ x,  or,  by  the  Substitution  Theorem,Ÿ-1

y dhÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHh-1L2 = Ÿ0
x

x „ x.  Thus, - 1ÅÅÅÅ2 - 1ÅÅÅÅÅÅÅÅÅÅy-1 = 1ÅÅÅÅ2  x2 .  Solving for y, we obtain f @xD = x2 -1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅx2 + 1 .

‡ d.

We solve the equation y = x2 -1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅx2 + 1 for x2  in terms of y and obtain x2 = 1+yÅÅÅÅÅÅÅÅÅÅ1-y .  Now whatever real number x may be given,
x2 ¥ 0,  and  so  there  is  a  corresponding  y  in  the  range  of  f  precisely  when  1+yÅÅÅÅÅÅÅÅÅÅ1-y ¥ 0.   We  note  that  1 + y > 0  when
y > -1 and 1 + y < 0  when y < -1, with 1 + y = 0 when y = -1.  On the other hand, 1 - y > 0 when y < 1, 1 - y < 0
when  y > 1  and  1 - y = 0  when  y = 1.   The  quotient  1+yÅÅÅÅÅÅÅÅÅÅ1-y  is  therefore  defined  when  y  1;  it  is  positive  when  both
numerator and denominator have the same sign--that is, when -1 < y < 1.  Consequently, the quotient is a non-negative
real number when -1 § y < 1, and this is the range of f .
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