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Problem 1.

ü a.

The area of the discarded cardboard is 600 - 20 Ÿ0

30 sinH p xÅÅÅÅÅÅÅÅ30 L „ x,

600 - 20 ‡
0

30

SinA p x
ÅÅÅÅÅÅÅÅ
30

E „x

600 -
1200
ÅÅÅÅÅÅÅÅÅÅÅÅÅ

p

which is about 218.028 square centimeters.

ü b.

The radius of the semicircle at x = x0  is 10 sinH p x0ÅÅÅÅÅÅÅÅÅÅ30 L, so the area of that semicircle is pÅÅÅÅ2 H10 sinH p x0ÅÅÅÅÅÅÅÅÅÅ30 LL2 , and the volume of the
cake is pÅÅÅÅÅ2  Ÿ0

30 @10 sinH p xÅÅÅÅÅÅÅÅ30 LD2 „ x,

50 p ‡
0

30

JSinA p x
ÅÅÅÅÅÅÅÅ
30

EN
2

 „x

750 p

or 750 p cubic centimeters. At 1ÅÅÅÅÅÅÅ20  grams of unsweetened chocolate per cc, there will be 75ÅÅÅÅÅÅÅ2  p grams of unsweetened choco-
late in the cake.
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ü c.

The perimeter of the base is 30 + ‡
0

30"######################################1 + 4 ˛2
ÅÅÅÅÅÅÅÅÅÅÅ9  cos2 H p xÅÅÅÅÅÅÅÅ30 L  „ x.  This integral must be computed numerically:

30 + NIntegrateA$%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%1 + i
k
jjj 2 p

ÅÅÅÅÅÅÅÅ
3

 CosA p x
ÅÅÅÅÅÅÅÅ
30

Ey{
zzz
2

, 8x, 0, 30<E

81.803704

The perimeter of the base of the cake is about 81.804 cm.

Problem 2.

ü a.

Let DHtL  denote the distance,  in meters, from the road to the edge of the water at time t  hours after the beginning of the
storm.   We  are  given  DH0L = 35,  D ' HtL =

è!!t + cos t - 3.   By  the  Fundamental  Theorem  of  Calculus,
DHtL = 35 + Ÿ0

t Iè!!!t + cos t - 3M „ t = 35 - 3 t + 2ÅÅÅÅ3  t3ê2 + sin t.  

35 - 3 t +
2
ÅÅÅÅ
3

 t3ê2 + Sin@tD ê. t Ø 5.0

26.494636

Consequently, at the end of the 5-hour storm, we have DH5L = 26.495 meters.

ü b.

If f ' H4L = 1.007, then D '' H4L = 1.007, so after four hours of the storm, the rate at which distance from road to water is
changing is increasing at 1.007 meters per hour per hour.

ü c.

We are to find the absolute minimum of f HtL on the interval @0, 5D.  Such a minimum lies at a critical point or an end-point.
The critical points for f  are the zeros of f ' HtL = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅ

2è!!!t - sin t.
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PlotA 1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 
è!!!!
t

- Sin@tD, 8t, 0, 5<E
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1

2

3

4

Ü Graphics Ü

FindRootA 1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 
è!!!!
t

- Sin@tD, 8t, 1.0<E

8t Ø 0.66186548<

FindRootA 1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2
è!!!!
t

- Sin@tD, 8t, 3.0<E

8t Ø 2.8403832<

f@t_D =
è!!!!
t + Cos@tD - 3

-3 + è!!!t + Cos@tD

The values of f  at the end-points and critical points are

Map@f, 80, 0.66186548, 2.8403832, 5.0<D
8-2, -1.3976017, -2.2696347, -0.48026984<

The smallest of these is -2.2696347, so the distance from water to road was decreasing most rapidly about 2.840 hours after
the storm began.

ü d.

If sand is restored to the beach in such a way that the rate of change of the distance from water to road is gHpL meters per day,
where p is the number of days since pumping began, then, by the Fundamental Theorem of Calculus, P, the number of days
of pumping required  to restore  the original distance  between road and water,  satisfies (approximately)  the equation  35 =
26.495 + Ÿ0

PgHpL „ p.  For an exact equation, we can replace 26.495 with 35 + Ÿ0
5 Iè!!!

t + cos t - 3M „ t.
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Problem 3.

We don't appear to have been given quite enough information to solve this problem.  We must assume that the line segment
and the curved portion of the curve meet at the point H0, 2L.  In what follows, we will make this assumption.

ü a.

The  line  segment  that  gives  the  portion  of  the  curve  that  lies  to  the  left  of  the  y-axis  has  slope  very  close  to  2ÅÅÅÅ3 ,  so
limhØ0-

f HhL- f H0LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅh ~ 2ÅÅÅÅ3 , while it is apparent from the graph that limhØ0+
f HhL- f H0LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅh < 0.  Consequently the left-hand and right-

hand limits of the difference quotient do not agree; f ' H0L = limhØ0
f HhL- f H0LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅh  cannot exist, and f  is not differentiable at x = 0.

ü b.

The average rate of change of f  over the interval @a, 6D is f HaL - f H6<ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa - 6 .  This can be zero only if f HaL = f H6L = 1 while a  6.
The horizontal line through H6, f HaLL = H6, 1L intersects the curve in just two other points, so there are just two values of a
for which the average rate of change of f  over @a, 6D is zero.

ü c.

We note that f  is continuous on @3, 6D and differentiable on H3, 6L, so the Mean Value guarabntees that there is a number
c œ @3, 6D  such that f ' HcL = f H6L- f H3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6 - 3 = 1ÅÅÅÅ3 .  Thus, we may take a = 3. 

ü d.

If gHxL = Ÿ0

x f HtL „ t, then g ' HxL = f HxL, and g '' HxL = f ' HxL.  Thus g is concave upward on intervals where f ' HxL > 0, or on
intervals where f  is increasing.  We conclude that g is concave upward on H-4, 0L and on H3, 6L.  Whether or not we may
conclude that g is concave upward on @-4, 0D or on @3, 6D depends upon which of several definitions of concavity we choose.  

Problem 4.

ü a.

The arc that forms the lower boundary of the region S is traced out when 0 § q § pÅÅÅÅ3 .  (To see why this is so, simply note that
r = 1 - 2 cos q < 0 precisely when 0 < q < pÅÅÅÅ3 .)  Consequently, the required area is 1ÅÅÅÅ2  Ÿ0

pê3 H1 - 2 cos qL2 „ q.

Evaluation of the integral isn't required.  However, for the curious, it's 1ÅÅÅÅ2  Ip - 3 è!!!!3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 M, or about 0.272.
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ü b.

We have  x = r cos q = H1 - 2 cos qL cos q,  and  y = r sin q = H1 - 2 cos qL sin q.   Therefore,  dxÅÅÅÅÅÅÅdq = - sin q + 4 cos q sin q
and dyÅÅÅÅÅÅÅdq = cos q + 2 sin2  q - 2 cos2  q.

ü c.

We  have  dyÅÅÅÅÅÅÅdx = I dyÅÅÅÅÅÅÅdq M ë H dxÅÅÅÅÅÅÅdq L = Hcos q + 2 sin2  q - 2 cos2  qL ê H4 sin q cos q - sin qL.   When  q = p ê 2,  this  reduces  to
2 ê H-1L = -2.   Also,  when  q = p ê 2,  we  have  x = H1 - 2 cos pÅÅÅÅ2 L cos pÅÅÅÅ2 = 0,  and  y = H1 - 2 cos pÅÅÅÅ2 L sin pÅÅÅÅ2 = 1.   The
required equation is therefore y = 1 - 2 Hx - 0L, or 2 x + y = 1.

Problem 5.

ü a.

If  gHxL = exp@ f HxLD,  then g ' HxL = f ' HxL exp@ f HxLD,  so  g ' H1L = f ' H1L exp@ f H1LD = -4 ‰2 .   Hence,  an  equation  for  the line
tangent to y = gHxL at x = 1 is y = gH1L + g ' H1L Hx - 1L, or y = ‰2 - 4 ‰2 Hx - 1L.

ü b.

By the First Derivative Test, g has a local maximum at any point where g ' HxL changes sign from positive to negative.  But
g ' HxL = f ' HxL exp@ f HxLD, and exp@ f HxLD is always positive.  Therefore the local maxima of g are to be found at points where
f ' HxL changes sign from positive to negative.  From the graph given, we see that there is just one such point:  x = -1.  The
function g therefore has a local maximum only at x = -1 in the interval H-1.2, 3.2L.

ü c.

Because  g '' HxL = exp@ f HxLD @H f ' HxLL2 + f '' HxLD  and  exp@ f HxLD > 0,  the  sign  of  g '' HxL  is  the  same  as  the  sign  of
@H f ' HxLL2 + f '' HxLD.  Now, as is given, H f ' H-1LL2 = 0, and we see from the graph that f ' being a decreasing  function in a
neighborhood of x = -1 it must be the case that f '' H-1L < 0.  Consequently, g '' H-1L < 0.

ü d.

The average rate of change of g ' over the inverval @1, 3D is g' H3L - g' H1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ3 - 1 .  Now, g ' H1L = - 4 ‰2 , as we saw in part (a) of this
problem, above.  We also have g ' H3L = f ' H3L exp@ f H3LD = 0.  ( f ' H3L = 0 is given.)  The desired average rate of change is
therefore 0 - H-4 ‰2 LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 = 2 ‰2 .
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Problem 6.

ü a.

The  given  series  is  a  geometric  series  with  common  ratio  x + 1;  it  therefore  converges  when  » x + 1 » < 1,  or  when
-2 < x < 0.

ü b.

1 + r + r2 + r3 + … = 1ÅÅÅÅÅÅÅÅÅÅÅ1 - r  when  » r » < 1,  so  f HxL = 1 + Hx + 1L + Hx + 1L2 + … = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - Hx + 1L = - 1ÅÅÅÅx  when
-2 < x < 0.

ü c.

Because f HxL = - 1ÅÅÅÅx  when -2 < x < 0, we may write gH- 1ÅÅÅÅ2 L = Ÿ-1
-1ê2 f HtL „ t = -Ÿ-1

-1ê2 „tÅÅÅÅÅÅt = -ln » - 1ÅÅÅÅ2 » + ln » -1 » = ln 2 .

ü d.

When -2 < x2 - 1 < 0, or, equivalently, when -1 < x < 1, we may replace the x in the given series with x2 - 1.   Noting
that  Hx + 1L  becomese  @Hx2 - 1L + 1D = x2  under  this  substitution,  we  find  that
hHxL = f Hx2 - 1L = 1 + x2 + x4 + x6 + … + x2 n + … = ⁄n=0

¶ x2 n .  Because x = 1 ê2 lies in the interval H-1, 1L,  we may
write hH1 ê 2L = f AH 1ÅÅÅÅ2 L

2
- 1E = f H- 3ÅÅÅÅ4 L = - 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ-H3ê4L = 4ÅÅÅÅ3 .

Alternately, we may write hHxL = f Hx2 - 1L = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - x2 , and, appealing once again to our knowledge of the geometric series,
conclude that hHxL = 1 + x2 + x4 + x6 + … + x2 n + … as long as -1 < x < 1.
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